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Can the Principle of Least Action Be Considered
a Relativized A Priori?

Michael Stoltzner

Abstract Hardly another principle of classical physics has to a larger extent
nourished hopes into a universal theory and has simultancously been plagued by
mathematical counterexamples than the Principle of Least Action (PLA). I inves-
tigate whether the PLA can be interpreted as a historicalty relativized constitutive
a priori principle of mathematical physics along the lines Michacl Friedman has
drawn in Dynamics of Reason, vsing the example of relativity theory. Such an
inierpretation suggests itself, historically, because two main advocates of the PLA,
Max Planck and David Hilbert, considered relativity theory as a case in point for the

* PLA. But they were also aware of the mathematical pitfalls and that without physical
specification the PLA only represented an empity form. 1 argue that the different lev-
els required for a consistent application of the PLA in mathematical physics induce
a stratification that bears close parallels to the one by which Friedman intends to
avercome the joint chalienges of epistemological holism and a relativist reading of
Kuhpian incommensurability. Yet, two differences remain. First, the mathematical
and physical levels of the PLA are more intertwined than i Friedman’s case.
Second, although the PLA has survived quite a few scientific revolutions, so has the
formulation of physical theories in terms of differential equations.

If one wants to embark on a Kantian analysis of the Principle of Least Action
thencefosth PLA), there are basically two routes. First, one may focus on the formal
teleology the PLA has often been associated with and interpret the PLA in the
perspective of the Critique of Judgment as a regnlative principle of reflective
judgment. Along this line, as I have argoed elsewhere (Stélizner, 2000, 2005), the
distinctive features of the PLA are: (1) its globality as compared to the locat diffesential
equations; (ii) the systemic modal structure of the actual dynamics and the possible
dynamics that are sel up in order to obtain a mathematically well-defined extremal
principle. The strength of a formal-teleotogical surplus of the PLA over the standard
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formulation in terms of differential equations crucially hinges on mathematical
subtleties and the concept of causal explanation assumed, rather than express a
metaphysical harmony of the world.

Second, one may focus on the PLA's role as a mathematical principle that, after
appropriate specification, permits one to succinctly formulate physical theories as
different as classical mechanics, elecirodynamics, relativity theory, and quanium
physics. Taken in its abstract generatity, the PLA has survived many vicissitudes of
the scientific world-view and the minor ar major revolutions in physical theory.
This suggests viewing the PLA as a historically relativized constitutive a prior
principle in the sense recently advocated by Michael Friedman (2001 ). Such is the
line taken by the present paper. Friedman’s conception of the dynamics of reason
reaches back to the interpretation of the Kantian categories of space and time outfined
in Hans Reichenbach’s (1920) early analysis of the theory of relativity and, thus, o
neo-Kantian debates about a modernization of the Critigue of Pure Reason in the
face of twenticth century physics.

Both assessments of the PLA do not necessarily contradict one another, On the
one hand, the Marburg neo-Kantians, most prominently Ernst Cassirer, considered
the Kantian categories not as constifutive but as regulative principles precisely to
allow for a historical evolution of the basic principles of science in which the a priod
appeared as an absolute — not historically relativized - invariant attained only in the
ideal limit of the scientific enterprise as a whole. On the other hand, in the case of a
mathematical principle applied to physics, the regulative principle of formal teleology
represents a norm imposed on the mathematical architecture of a physical theory.
If the PLA incorporating this formal teleclogy acts as the core mathematical axiom
of a physical theory so conceived, it may thus be considered as constitutive for the
particular natural laws - the mathematical models — derived from this axiom system.
In a historical perspective, one might perhaps say that the first approach departs from
Kant’s critical analysis of the debates on physical teleology and natural theology that
surrounded the birth of the PLA In the eighteenth century, while the second is associ-
ated with two important debates in the second half of the nineteenth century.
Hermann von Helmholtz not ondy successfully applied the PLA beyond the narrower
context of mechanics, thus bringing about its renaissance among his fellow physi-
cists, but he also gave the ‘return to Kant’ prevailing within the German philosophi-
cal community an influential scientific twist.

Helmhohz’s scientific achievements prompied the question whether the PLA
represented “a vatuable heuristic principle and leitmotif in striving for a formulagon
of the laws of new classes of phenomena” (1886, p. 210} or whether it was it just
— as Ernst Mach held — a more economical reformulation of the same facts and thus
“new only in form and not in matter” (1989, p. 452) Through the mathematical
investigations of Karl Weierstrall and David Hilbert, it became clear that any surplus
of the PLA over the differential equations required mathematical precision rather
than strong metaphysical commitments. Nonetheless, Logical Empiricists largely sided
with Mach, while Max Planck and Hilbert firmly believed in the significance of the
PLA for a unified conception of physics. Even more so, Planck and Hitbert’s emphatic
prorouncement played an important role in making the PLA a shibboleth for
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Logical Empiricists (Stditzner, 2003). This basic disagreement makes the PLA an
inleresting test casce as to whether the Logical Empiricist conception of constitutive
principtes in natural science, which basically takes them as part of pragmatics,
needs 10 be revised in the direction outlined by Friedman, in particular if one wants
{0 understand the progress of medern mathematical physics.

After a brief characterization of the PLA and a rehearsal of Friedman’s approach,
[ study Planck and Hilbert’s interpretations of the PLA. Although both are in many
respects water on Friedman’s mills — and stand in historical vicinity to his primary
example general relativity — two major problems remain. First, the mathematical
and physicat levels of the PLA are more intertwined than Friedman assumes, and
what counts as ‘natural’ or ‘deep” according to the respective standards does not always
coincide. Second, although the PLA has survived quite a few scienific revolutions,
so has the formulation of physical theories in terms of differential equations.
Hence, there have always been two different lines of constitutive principles that
show little sign of convergence despite the fact that in many cases both formulations
yield physically equivalent results.

1 The PLA in a Nutshell

For the purpose of the present paper, 1 understand the PLA as an umbrella term for
all integral variational principles in theoretical physics, among them Hamilton's
and Maupertuis® principles. Mathematicians treat all those principles within the
discipline of variational calculas and speak of a variational problem rather than the
PLA. In an abstract sense the PLA staies that the actual dynamics « yields an extremal
value of the action functional Wfu] in comparison to all possible dynamics
(it + Bu) e M, where 8 denotes the variation of a quantity, # + Bu the varied dyoam-
ics, and M a function space that includes both the actual and all possible dynamics.
Wfit[ is-the integral of the Lagrangian L that incorporates the physics contained in
the PLA. Since the PLA is an integral principle, the boundary conditions must be
specified in order to arrive at a mathematically well-defined variational problem.
In classical mechamcs L is the difference of kinetic and potential energy, the

PLA reads W= _I-L(t u(), #(0)dr = Exer.), with 8u, &i = 0 at the boundary, and u

o

belongs to a class of admitted soluttons M (=C%, PC?,...) of the variational problem.
Variation leads 1o the Euler-Lagrange equations,

iiL(! u(r), u(t))#ma—L(I w(),u(8)y=10

dtd it

which typically — but not always — correspond to the standard equations of motion.
But they are only a necessary condition for the variational problem. Other neces-
sary conditions include the continuity properties of i, the form of the constraints
imposed on the system, and that there are no (conjugate) points between a and &
through which all (z + 8u) € M _have to pass. To find sufficient conditions has heen
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a most difficult task. The first one was obtained only by Weiersirall, and Hilbert’s
main achievements in variational calcubus lay precisely in this (!omlajn. Ropghly
speaking, sufficient conditions correspond (o embedding the exiremals indo a stqt.able
field of extremals (Mayer fields). This embedding expresses the above-mentioned
global features of the PLA; and if a sufficient condition is ful-ﬁl]ed, the PLA represents
a stronger claim than the corresponding differential equations.

2 The Dynamics of Reason

Friedman’s overall intention is to develop a modified Kantian epistemnology l.hal
successfully answers the combined chaflenges of W.V. Quine’s episte@o?ogl'c_ai
holism and the prevailing relativist readings of Thomas S. Kuhn's theory of scientific
revolutions. Friedman’s anatysis departs from diagnosing a far-reaching resemhiemce
hetween Rudolf Carnap’s (1950) linguistic frameworks and Kuhn's (.1962) scientific
paradigms. For, both frameworks and paradigms provide the basic corscepts z‘uid
riles under which science is ‘normally’ performed and define a standard of scxenix_flc
rationality. The transitions between different frameworks or paradigms that charactenze
scientific revolutions cannot be assessed in this way, even though the later frgm.ewo:k
typically permits one €0 reconstruct the pre-revolutienar)f paradigm as a hl’]‘l‘l[.CaSC
and justify the revolution as rational. But this retrospective reconstruction {ails to
reflect the historical situation before the revolution, when the new concepts 10 come
were still unavailable to science. Instrumentalistically-minded practitioners may

well use bits and pieces of a new paradigm as a hlack-box device for making pre-

dictions, however without ascribing to it explanatory value. Predictive success
alone, however, cannot motivate shifting badly understood or even ill-defined conc@Fs
into the core of a new paradigm or positing them as the axioms of a new linguistic
framework, let alonc overcome the problem of Kuhnian jncommensurabé]itx.

The only remedy, Fricdman argues, is to understand the scigntiﬁc enterprise pol
a5 a succession of radically distinct speech communities but as "a common tradmm:
of culturai change” that contains “different evolutionary stages of a single ianguage
(2001, p. 60). This single language does not correspond 10 a single allwcncompass?ng
Carnapian framework, but contains stratifications that a]l()w. for communication
across and transition between different frameworks or paradigms and render the
new paradigm a real possibility already before the revolution. This “is already more
than half the bagtle” (ibid. p. 103} _ B

Friedman’s dynamics of reason involves three different strata: (i) empirical laws
properly so-called; (ii} a set of constitutive a priori principles that (&) rgnde: l?}r?se
laws meaningful as mathematical entities and (b) refate these mait}?matlgal anﬂ.nes
to possible empirical circumstances by coordinative detjmmons‘;“(m) ph]lﬂg@phlcai
meta-principles or meta-paradigms that serve as a guidapce “In mofvatng amj
sustaining the transition from one paradigm or conceptual framework to another
(ibid., p. 46). How the first two strata relate in detail can best be seen at th.e fexampl.es
of Newtonian mechanics, relativistic electrodynamics, and general relativity, while
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other disciplines are still lacking the degree of mathematization presupposed in
Friedman’s conception.
[AJdvanced theories in mathematical physies ... should be viewed as consisting of two
asymmeirically functioning parts: a properly empirical part confaining laws such as univer-
sal gravitation, Maxweil's equations of electromagnetism, or Einstein’s equations for the
gravitational field; and a constitdtively a priori part containing both the relevant mathemati-
cal principles used in formulating the theory (Euclidean geometry, the geometry of
Minkowski space—time, the Riemannian theory of manifolds) and certain particularly fun-
damental physical principles (the Newionian laws of motion, the Bight principle, the equiva-
lence principle) (ibid., p. 71).

Mathematical concepts are, for one, a condition of the possibility of physical
theories, e.g., by allowing one to represent space-tite in terms of Riemannian manifolds.
Bat additionally pure mathematics has the remarkable property that across revolutions
it usually tends 1o preserve the earlier concepts as a special case, such that in retfrospect
the new concepts appear as extensions or generalizations of the earlier ones.
Euclidean geometry is, for instance, simply a Riemannian geometry with zero curvature,
“Revolutionary transitions within pure mathematics, then, have the striking property
of continnously (and, as it were, monotonically) preserving ... retrospective
communicative rationality” (ibid., p. 96). But mathematics alone cannot mediate
across revolutions in physical science because the very same mathematical sfructures
may be used to conceptualize incommensurable theories. Riemanntan manifolds,
for instance, are the mathematical basis of general relativity, but supplemented with
adifferent set of coordinating principles they allow a mathematically elegant, albeit
non-standard, reformulation of Newtonian mechanics.

It s the ceordinative principles through which the formulas of mathematical
physics acquire an empirical meaning. These principles cannot be tested in the usual
sense because they are constitutive for those specific empirical laws that face the
tribunal of experience. But they do have empirical content and are revisable in the
course of history, although a scientific revolution is needed to unseat a weli-established
coordinative principle hecause of the failure of the particular laws constituted by it.
The examples of the Michelson-Morley and the EGivos experiment show that
coordinalive principles, such as the light principle and the principle of equivalence,
often emerge cut of well-corroborated empirical facts. But in elevating them to a
constiiutive a priori principle, “an essentialty non-empirical element of ‘convention’
or ‘decision’ must necessarily intervene” (ibid., p. 91). Once the new paradigm i3
established and the old laws are reformulated in terms of it, the decision between
the old and the new may appear as a plainty empirical fact.

The purely mathematical and the coordinative constitutive a priori principles,
accordingly, not only define a space of logical and empirical possibility for physical
science, but in virtue of their internal dynamics and mutal relationship they also
suggest what counts as reason or justification for any such possibility. Butevenif a
transformation can be justified retrospectively, the question remains how the new
paradigm can at all develop from within the pre-revolutionary framework. Here the
philosophical principles play a decisive role because they smoothen out the revolutionary
transitions prospectively. To alfow for a rational transition despite a Kuhalan
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incommensurability at the manifest level of the language spoken by the practitioners
(cf. 101}, Friedman requires

first, that the new conceptual framework or paradigm should contain the previous constitu-
tive framework as an approximate Hmiting case ...; second that the new constitutive prin-
ciples should also evolve continuously oul of the oid constitutive principles, by a series of
naturat transformations:.and third, that this process of conlinuous conceptual transforma-
tion shouid be motivated and sustained by an appropriate new philosophical framewark,
which, in parficular, interacts productively with both older philosophical meta-lrameworks
and new devetopments taking place in the sciences themselves. This new philosophical
meta-framework thereby helps to define what we mean, at {bis point, by a natural, reason-
able, or responsible conceprual transformation (ibid.. p. 66).

Moreaver, philosophy provides “a new source of ideas, alternative programs,
and expanded possibilities.(ibid., p. 25)". Philosophy can fulhill both roles only il i
does not limit itself to a mere logic of science thal is always bound to a rigid con-
ceptual framework. But then one may wonder how “a subject inevitably and per-
manently fraught with unresolved intellectual disagreements fcan] possibly help us (o
achieve a new rational consensus.” But Friedman only requires: first, “that the new
constitutive framework become a reasonable and respansible live option™; second, that
there exists “a relatively stable consensus on what are the imporiant contributions fo
the debate™; third, that “characteristically philosophical reflection interacts with prop-
erly scientific reflection in such a way that controversial and conceptuatly problem-
atic philosophical themes become productively intertwined with relatively
uncontroversial and unproblematic scientific accomplishments” (Al ibid., p, 1G7).

In the case of special relativity theory, for instance, there was common agree-
ment that Mach’s criticism of the Newtonian concept of absolute motion was
pivotal and combined with other iavestigations about relative and inertial motions.
Binstein succeeded in pulting these insights together with “recently established
empirical facts concerning the velocity of ight in a striking and hitherto unexpected
manner” {ibid., p. 108) because he had been familiar with late nineteenth century
debates on the {foundations of geometry and Poincaré’s conventionalist resolution
of the problem how to determine the proper physical geometry. The same philo-
sophical meta-principles ajso played an important, though somewhat different role,
in general relativity that showed that even philosophical principles as deeply
entrenched as space and time can undergo transitions.

Friedman’s dynamics of reason also contains a global perspective. Putting together
that, in virtue of the mathematical constitutive principles, transitions between different
paradigms correspond to wetl-defined conceplual extensions and that the constitutive
philosophical meta-principles provide the inter-paradigm transitions with a measure of
naturalness, he argues “that we can thus view the evolution of succeeding paradigms
or frameworks as a coavergent series,.as it were, in which we successively refine our
constitutive principles in the direction of ever greater generality and adequacy” (ibid.,
p. 63). But “this is explicitly not convergence to an entirely independent ‘reality’ (how-
ever conceived) but rather convergence within the evolving sequence of constitutive
frameworks itseH” {ibid, p. 118), that is, ‘internal’ or Kani's ‘empirical’ realism. For,
any strong version of scientific realism presupposes a unigue sequence of successor
thenries. which contradicts the obvious plurality of historical pathways.
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3 Max Planck on Principles and Constants

In 1915 Max Planck wrote an encyclopedia enfry on the PLA. It opened emphatically.

As long as there exists physical science, jts highest desirsble goal had been the solution of
the problem to intcgrate all natral phenomena observed and still to be chserved nto a
single simple principle ..., It is natural that this goal has not heen reached to date, nor ever
will it be reached catirely. [However,] .. the history of theoretical physics demonstrates
that ... this ideal problem is ot merely wtopical, but eminently fertile ... Among the more
or less general laws which manifest the achievements of physical science in the course of
the 1ast centuries, the Principle of Least Action is probably the one which, as regards form
and content, may claim (o come acarest to that final ideat goal of theoretical rescarch
(1944, p. 68). ’

Pianck was well aware of the mathematical pitfalls. Only after a precise
mathematical specification of the Lagrangian and of the conditions for the virtual
displacements the PLA ceased to be “an empty form™ (ibid., p. 70). Moreover, when
emphasizing that the PLA did not reintroduce any material teleology into physics
but was consistent with a causal explanation of all natural phenomena, Planck took
a surprisingly instrumentalist tack and compared the reference 10 events at a Tater
time in the PLA to calculations in which one keeps redundant variables in order 1o
maintain the symmetry of the equations. In both cases, “{t}he question of their
legitimacy has nothing to do with teleology, but it is merely a practical one” (ibid.,
p. 72). And Planck even provided examples how the PLA jed science astray if
interpreted as instance of a universal teleology.

“The fundamental importance of the Principle of Least Action became generatly
recognized only when it proved its applicability to such systems whose mechanism
is either complerely unknown or too complex (o think of a reduction to ordinary
coordinates” {ibid., p. 76). For, the PLA as an integral principle was independent of
any choice of coordinates. Around 1910, Planck became increasingly convinced
that his law of black-body radiation required a fundamental break with classical
electrodynamics because the latter unavoidably yielded Jeans’s law, in blatant
contradiction to everyday experience.

fO]ne wilt not for this purpose have (o give up the Principle of Least Action, which has so

strongly attested its universal significance, but the universal validity of the Hamiltonian

differential equations; for those are derived from the Principle of Least Action uader the
assumption that all physical processes can be reduced to changes occurring continuously

in time. Onace radiation processes do no longer obey the Hamiltonian differential equations,

the ground is cut from Jeans’s theory (1910, p. 239).

The PLA was not simply applicable to discontineous functions as well, such
functions had even been an important source of mathematical progress in varia-
tional calculus. The PLA was thus perfectly consistent with a different coordinative
principle according to which atomic processes were quantized.

That the PLLA was deeper than a merely heuristic principle can also be seen at the
fact that it matched what Planck considered as the most basic distinction in the physicat
world. There were, on the one hand, reversible processes governed by strictly causal
dynamical laws, “All of them can be subsumed without difficully under a single
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dynamicat law, the Principle of Least Action” {ibid., p. 59). “In the realm of irrevers-
ible processes, however, the Priaciple of Least Action is no longer sufficient because
the principle of entropy increase introduces an entirely novel element into the physi-
cal worsld view that is in itself extraneous to the action principle” (ibid., p. 11).

Its pivotal status in the architecture of the physical world-view and the emphasis
that the PLA represented a form (o be completed by physical specifications suggest
investigating whether Planck in effect treated the PLA as a relativized a priofi in
Friedman’s sense. Since he did not attribute much importance to the mathematical
architecture involved, we have to look whether setting up a suitable PLA represented
a coordinative a priori principle on a par with Newton's laws or the principle of
equivalence, while the respective Lagrangian corresponded to the empirical laws
specific for each domain. Although the PLA had not developed out of well-known
empirical facts, Planck had cited quantum discontinuity in its favor.

The main test for relativized constitutive principles is how they behave ‘normally’
and in times of twrmoil. Here Planck was pretty explicit. “{I]n all recent conflicts
{hetween facts and theories] the great general physical principles held the field,
namely, the principle of conservation of energy, the principle of conservation of
momentum, the Principle of Least Action, the main laws of thermodynamics”
(ibid., p. 44}, while well-accustored intuitive foundations had to give way, among
them the immutability of chemical atoms, the independence of space and time, and
the continuity of all dynamical effects in pature. This insight was part of 2 general
tendency of simultancous de-anthropomorphization and wnification that Planck
diagnosed within modern physics. Moreover, our present picture already contained
certain traits that most likely would remain constant forever. “This constancy ... is
that which we now call the real [das Reale]™(ibid., p. 22). In 1925, Planck even
conveived relativity theory within an overall convergence 1o absolute reality, “Yet
when space and time have been denied the character of being absolute, the absolute
has not been biotted out, it has just been moved more backward, to wit, into the
metric of the four dimensional manifold” (ibid., p. 154), Qutdated absolute concepts
are relativized just in order to find deeper absolute concepts.

Planck’s convergent realism seems to openly contradict any relativized a priori.
Rut Planck himself intended to remain consistent with Kant's critical philosophy.
Since there was no way to distinguish between ‘world view’ and ‘world’, he
argued, we could interpret ‘world’ itself as the ideal aim of ail scientific research.
Morcover, the constant elements in our workd-view were abstract principles, such
as the PLA, that remained empty without physical specification while entities such
as the indivisible chemical atoms were superseded by new ones.

And there was also another side to Planck’s realism, His own quantum of action
and Boitzmann’s constant characterizing thermal radiation, and the gravitat.ional
constant provide a universal system of units that does not depend on a metric
convention. While present-day physicists aspire at reducing the fundamenial constants
of nature to laws, Planck considered them as “the invariable building blocks {rom
which the edifice of the physical world is composed” (ibid., p. 39). Each major siep
towards the ideal aim of absolute knowledge uncovered a hitherto unknown constant
of nature. First, “[t]he modification brought into mechanics by the principle of refativity
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containg as its cssential part the introduction of a new universal consiant alien to
classical mechanics, the velocity of Hght in vacuum™ (ibid., p. 82). Second, “the laws
of thermal radiation, specific heat, electron emission, radioactivity unanimousty
indicate that not only matier itself but also the effects eriginating from matter ...
possess discontinuous properties; which once again is characterized by a new constant
of nature: the elementary guantum of action {ibid., p. 83f.).

Since the abstract principles held the field in each scientific revolution, it is the
universal constants that represent a Kuhnian incommensurability, e.g., between the
paradigms of classical mechanics and relativity theory or between Jeans’s and
Planck’s laws of radiation. For, the fundamental constant of the latter theory cannot
be expressed in terins of the former. If one formulates the latter theory by way of a
PLA, the new constant, of course, has to enter. Thus the full-fledged action principle
contains both constitutive and empirical elements.

To conclude, Planck treated the PLA in its abstract form as constitutive for the
domain of reversible physics, while the coordination was established through a
suitable Lagrangian. No doubt, Planck was well-informed about and derived major
motivations from the philosophical debates surrounding the PLA, giving them a
rather Kantian twist both as regards causality and formal teleology. Needless to say,
Planck’s talk about the ideal aim of theoretical physics did not exclude that the PLA
one day could be integrated into a more comprehensive formal principle.

4 David Hilbert and the PLA as Core of the Axiomatic Method

Again in 1915, David Hilbert gave an independent derivation of the field equations |
of general relagivity by means of a single action principte. The paper that was
rushed out in two parts (1916, 1917) bore the ambitious title “The Foundations of
Physics.” In it, he combined what he had learned about the physical characteristics of
Finstein’s theory in the making with his top expertise in variational catculus. The correct
form of Einstein's equations was entered only into the galley proofs, such that Hilbert
cannat claim full priority. But they were not his primary objective. What is more,
both *Hilbert and Hinstein saw their achievements of November 1915 as the culmi-
nation of year-tong efforts of scientific research along their respeciive research
programs’” {Sauer, 1999, p, 566}. These were by no means identical, followed ditferent
hewristics, and attributed different weight to the PLA (Rowe, 2001).

Int the “Foundations™, Hilbert poses four axioms and two physicality conditions. (1)

Mie's axiom of the world function 4 demands that the variation of J-H\/gd(ﬂ

vanishes for each gravitational potential g and each electromagnetic potential g,
where g is the determinant of g | and de = dodeda do, is the differential of the
world parameters @, uniguely fixing the world points. H conlains gravitational
arguments, the g and their first an second partial derivatives with respect (o the @,
and electromagnetic arguments, the g, and their flrst partial derivatives with respeél
10 the @, Axiom (II) states that ff be invariant with respect to an arbitrary
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transformation of the world parameters a,. Hilbert considers this axiom as “the
simplest mathematicat expression of the requirement that the coordinates in them-
selves do not possess any physical significance” (1924, p. 50). And in a footnote,
he connects it 10 Hinstein's idea of general invariance (today: ‘covariance’). Hithert
next formalates a theorem that he calls the “leitmotif for the construction of his
theory” (1916, p. 396), but does not provide a proof. Its main objective had been to
show that “the electrodyramic phenomena are an effect of gravitation” (1916, p.
397). In the 1924 reprint, this claim was tacitly dropped and a weakened version of
Noether’s second theorem was proven as theorem 11

Although sufficient for a derivation of geometrical properties, such as Noether's
second theorem and the Bianchi identities, axioms (1} and (IT) do not fix H uniquely,
such that Hilbert introduced two further axioms of a more physical kind. Axiom (II)
demands the additivity of pure gravity and electromagnetism /= R + L, with R
heing the Riemann scalar curvature and L not containing second derivatives of theg, .
This guarantees that no higher than second order derivatives of the g appear in the
field equations, such that one obtains a reasonable dynamics. Axiom (IV} specifies the
signature of the metric in order to obtain the required 3 + 1 pseudo-geometry for space—
time. In addition, there are two supplementary conditions requiring that the physical
solutions respect causal order and are free of singularities. Godel's universe, in
which one can refurn into one’s own past, and the boom of research into singularities
since the 1960s have shown that both conditions of Hilbert's were too restriclive,

Hilbert's axiomatization of general relativity exhibits a three-layered structure that
not only goes naturally with the different steps in specifying the PLA, but that is also
typical for his axiomatic method as a whole. Hilbert did not treat an axiom syslem
as a homageneous conceptual framework in which only logical deductions operate.
This can already be seen in the Sixth Problem of 1900, where e gave a program-
matic outline of the axiomatization of physics.

[Wle shalt try first by a small nomber of axioms to include as large a class as possible of

physical phenomena, and then by adjoining new axioms to arrive gradually at the more special

theories .... The mathematician will have also to take account rot only of those theories

coming near 10 reality, but also, as in geometry, of all logically possible theories.

Purther, the mathematician has the duty to test exactly in each instance whether lba
new axioms are compatible with the previous ones. The physicist, as his theories
develop, often finds himself forced by the results of his experiments to make new hypoth-
eses, while he depends, with respect to the compatibility of the new hypotheses with the
old axioms, solely upoa these experiments or upon a certain physical intaition (1500,
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The task of the mathematician begins with establishing the completeness of the axi-
oms, ie., that they permit one 1o derive all Taws of the respective domain. Next is the
internal consistency of the axioms. For instance, in the theory based on Fourier's heat
equation “it is necessary to prove that the familiar boundary-value problem of potential
theory is always solvable; for only the solution of this boundary-value problem shows that
a temperature distribution satisfylng the eguation of heat conduction is al all possible”
(1918, p. 410/1111). Cast in Friedman’s terms, internal consistency of a suitable axiom
system is an a priori condition that a certain physical phenomenon is logically possible.
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By interpreting an axiom system in lerms of appropriate number fields, Hitbert
ptayed internal consistency back to the consistency of arithmetic, which was to be
proven by the finite means of meta-mathematics, But in 1930, Godel’s incompleteness
theorem demonstrated that it was impossible to reach the desired absolute foundation
of mathematics along these lires. Interestingly, in the same year, Hilbert viewed
precisely this attempt as the tegitimate heir of the Kantian a priori that “still contains
anthropological dross from which it must be liberated [such as the preference of
Euclidean geometry]; afterwards only the a priori attitude is left over which also
underlies pure mathematical knowledge: essentially it is the finite attitude which
I have characterized in several works” (1930, p. 962/1163). Hilbert’s third require-
ment was external consistency. Kinetic theory is consistent with thermodynamics,
and Einsteinian gravity possesses a well-defined Newtonian limit, while quantum
theory contradicts Maxweli’s equations, such that a new foundation of electrody-
namics is called for. Recall that Friedman saw the main role of mathematics in
establishing such a precise relationship between conceptual frameworks.

The fourth requirement, which Hilbert called ‘deepening the foundations’,
started from the analysis of the independence of the axioms and was an heir of the
failed attempts to prove the fundamental presuppesitions of science themselves.
But these reductions “only make it possible to trace things back to certain deeper
propositions, which in turn now te be regarded as new axicms .... The actual
axioms of geometry, arithmetic, statics, mechanics, radiation theory, or thermodynamics
arose in this way” (1918, p. 407/1109). There was no unique way of “deepening the
foundations’ of a given theory, Hilbert lauded both Boltzmann and Hertz for having
deepened the foundations of Lagrange’s mechanics containing arbitrary forces and
constraints to either forces without constraints or constraints withoat forces.
Moreover, by “deepening the foundations’, ope may artive at a physically unintui-
tive formalation, given that one intends to keep a very deep mathemaltical concept,
such as continuity.

Fhe axioms of classical mechanics can be deepened if, using the axiom of continuity, one

imagines continuous mations 10 be decomposed into small uniform rectilinear motions

caused by discrete impulses and following one another in rapid succession. One then

apphies Bertrand’s maximum principle as the essential axiom of mechanics, according (o

which the motion that actually eccurs after each impulse is that which always maximizes

the kinetic energy of the system with respect to all motions that are compatible with the

taw of the conservation of energy (1918, p. 409/1111).

All four requirements together with the fact that a unique and realist interpretation
was nol aspired at, suggest considering Hilbert’s axiomatic method as a mathematical
reorganization and stratification of a physical theory aimed at casting as much as pos-
sible In terms of constitutive a priori principles. For, mathematics has the advantage
that the relationship across frameworks is rigoerous and that one can precisely spot
coordinating principles, such as general covariance and — less convincingly —
Bertrand’s principle. Moreover, Hilbert’s axiomatic treatment of phenomenological
theories, among them Kirchhoff’s law of radiation and continuum mechanics, shows
that he tried to establish empirical facts as constitutive principles under the joint guid-
ance of a general philosophical outlook on the axiomatization of science and of the
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well-known heuristic powers of the PLA. This did not involve realist or reductionist
aspirations, especially after the road to an immutable foundation of mathematics was
barred. In the case continuumm mechanics, he simply argued as had Planck in the
above mentioned case of radiation, that the PLA was applicable even though, as of
1907, knowledge about the molecular constitution of matter was insufficient.

But there are prablems to such an interpretation, especially if one fooks at the
“Foundations”. For one, Hilbert’s first axiom already contained a strong physical
claim insofar as all energy-maiter was subsumed under Mie’s theory, a claim that
Einstein considered as highty premature. Even more, the whole rationale of the failed
theorem [ was to blur the boundary between mathematics and physics. For, Hilbert
believed “that a reduction of al physical constants to mathematical constanats shouid
be possible” (1916, p, 407). Hence, in some cases, the ‘deepening’ was to unearth what
Hilbert typically ~ and pretty vaguely - described as the non-Leibnizian pre-established
harmony between mathematics and physics. Not least this repeated allusion made
Hilber's axiomatic method suspicious among Logical Empiricists.

But the problem of non-upiquencss is more generic. The mathematician’s
‘deepening’ and the physicist’s search for the “deepest’ principles may yield diverging
results. This is problematic even if one does not heed realist or structural realist
aspirations. What is more, throughout its history the PLA has always been accompanied
by largely equivalent formolations in terms of differential equations. Even if one
emphasizes the philosophical and mathematical differences between both approaches
—as 1 have done in the present paper - there is little sign of convergence to constitutive
principles “of ever greater generality and adequacy” (Friedman, 2001, p. 63).
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